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A method is presented for evaluating the coupling co-
efficients associated with loosely coupled cavity structures.
The measure of coupling is expressed in terms of the shift in
resonant frequency exhibited by a single aperture -coupled
cavity. The frequency shift is determined from the resonant
frequency of an equivalent circuit representing the aperture
-
coupled cavity. This method of analysis is applied to a
specific waveguide cavity, coupled by a small circular
aperture.
The results of this method are then presented for compar-
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I. INTRODUCTION
The "coupled-mode" theory has proved itself to be an
important tool in analyzing the energy exchange phenomena be-
tween propagating waves and oscillating circuits. The appli-
cation of this theory has simplified the analysis of many
periodic slow-wave structures including the Traveling Wave
Tube amplifier, parametric amplifier, and the Backward Wave
Oscillator.
Louisell [9] gives a good description of how the coupled
mode theory is applied in analyzing a device such as mentioned
above. In essence, a coupled system is divided up into a num-
ber of isolated elements or unit cells. With the knowledge of
the behavior of these isolated elements and of the interaction
between them when coupled together, the behavior of the orig-
inal structure can be approximated.
In a recent paper, J. B. Knorr [8] has applied this con-
cept in analyzing a periodic waveguide constructed from
loosely coupled microwave cavities. The periodic waveguide,
treated as an infinite string of loosely coupled oscillators,
is characterized by an infinite dimensional hermitian matrix.
The resulting eigenvalues of this matrix possess several
properties that are of particular importance in this present
study. The eigenvalues, go, are expressed as follows:
oo = co + 2hcos3L (1-1)

where 3 is the phase constant, L is the structure period, h
is the coupling coefficient, and oi is the natural frequency
of oscillation of the individual cavities with the coupling
aperture present but with the cavities uncoupled.
The co-3 diagram is shown by Eq. (1-1) to have branches
which are sinusoidal. The character of the passband is com-
pletely determined by the matrix elements oj and h.
To extend the range of usefulness of these eigenvalues
into the quantitative domain, a procedure must be developed
for calculating the values for h, the coupling coefficients.
Referring to Eq. (1-1) , it is evident that the second term,
2hcos3L, represents a shift in the cavity resonant frequency.
The problem is therefore reduced to one of calculating this
shift in resonant frequency.
In this thesis a basis is presented for calculating the
coupling coefficients associated with a periodic waveguide
structure. The original structure consists of identical
cavities coupled by small circular apertures. An equivalent
RLC circuit is derived for a single cavity representing a
unit cell of this structure. The resonant frequency of this
circuit is calculated and compared with the resonant frequency
of the uncoupled cavity. The coupling coefficients are then
determined by the difference in the two frequencies.
The organization of the material presented in this thesis
is as follows: Section II discusses the periodic structure
considered in this 'study and develops a single cavity model;
Section III contains the derivation for the cavity equivalent
circuit and the resulting expression for the resonant

frequency of the aperture coupled cavity; i.n Section IV the
equivalent circuit method is applied to a specific cavity.
Laboratory measurements as well as the results obtained by
applying the method outlined in Appendix A are included for
comparison; Section V presents the conclusions arrived at by
this study and includes suggestions for further study; Appen-
dix A contains an alternate method of solution which supple-
ments the material in Sections II and IV.

II. THEORETICAL MODEL DEVELOPMENT
The periodic waveguide shown in Fig. (2-1) illustrates
the type of slow wave structure that will be considered in
this study. The structure is assumed to consist of iden-
tical unit cells that resemble microwave cavities. The unit
cells are coupled to each other by small circular apertures
centered in the common walls.
The resonant cavities are first considered individually
with the coupling apertures absent. The cavity resembles a
shorted section of waveguide, as shown in Fig. (2-2).
The properties of resonant cavities arise fundamentally
from the fact that, in order for the cavities to oscillate at
all, the fields must satisfy the boundary conditions presented
by the cavity walls. Solutions for the cavity fields are based
upon the propagating modes of the waveguide in question. Al-
though there are an infinite number of cavity resonances cor-
responding to each waveguide mode, it is assumed that for this
discussion the cavities support a TE,
n
, mode. The resonant
frequency oo pertaining to the cavity shown in Fig. (2-2) is













where a and d are cavity dimensions and c is the velocity of
light.
The resonant frequency given by Eq. (2-1) is for a com-
pletely closed cavity. The presence of a coupling aperture

Figure (2-1) . Coupled Cavity Periodic Structure
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Figure (2-2). Unit Cell of a Periodic Structure
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coupled, and are assumed to support a TE.. mode. The E-
and H- field patterns indicated in Fig. (2-3a) and (2-3b)
are for Sd = and 3d = tt
, [3]. The resonant frequency for
each of these field configurations is the same when there is
no coupling and corresponds to the value given by Eq. (2-1)
.
The same two-cavity section is next considered with the
coupling aperture present. Figure (2-4) illustrates the
field configurations, again for 3d = and 3d = tt . For the
cutoff point 3d = tt , shown in Fig. (2-4b) , the presence of
the coupling aperture does not perturb the field lines associ-
ated with either cavity. The resonant frequency for the
coupled cavities remains unchanged. However, the field lines
associated with the cutoff point 3d = have been perturbed,
as shown in Fig. (2-4a) . The magnetic lines in both cavities
have been perturbed in the vicinity of the aperture, thus
adding to the energy of the magnetic field. As a result, the
resonant frequency decreases by an amount Aco, as given by
Eqs. (2-2) and (2-3) .
This passband behavior is illustrated in the co-3 diagram
shown in Fig. (2-5) . It is important to note that while this
diagram is for the TE,
fl
, mode, there will be a passband for
each mode of the unperturbed cavity. The id* noted on the
diagram represents the resonant frequency of the coupled
cavities. The shift in resonant frequencies, Aco, can be re-
lated to co • as follows:
o
a)' = co + Aco (2-4)
o o







Figure (2-3) . Two identical cavities with no coupling
(solid lines = E-field; dashed lines =
H-field)
.
(a) Field pattern for Sd = 0;
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Figure (2-4) Cavities coupled by a circular aperture
(a) Field pattern for 8d = ;















This shift in frequency is related to the eigenvalues given
by Eq. (1.1) , as was mentioned previously. For the w-B
diagram shown in Fig. (2.5), Aw is equal to 4h, where h is
the coupling coefficient.
Aw will now be determined quantitatively by analyzing the
single cavity model shown in Fig. (2-6).
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Figure (2-6) . Coupled Waveguide Cavity

III.-... EQUIVALENT CIRCUIT FOR THE APERTURE COUPLED CAVITY
The effects of the coupling of a cavity resonator to an
associated system are generally difficult to treat quantita-
tively. Any attempt to analyze the electromagnetic fields is
usually discouraged by the complexity of most microwave sys-
tems. The periodic waveguide treated in this paper is a
particularly interesting example of a coupled cavity system.
In the first place, transmission-line methods may be used to
construct an equivalent circuit to represent the aperture
coupled cavity. The resonance properties of the original
structure can then be described in terms of those of the cav-
ity equivalent circuit. The equivalent circuit parameters can
be determined by correlating the input impedances of the reso-
nant cavity and a series resonant circuit [11].
A unit cell of the original periodic structure is shown
in Fig. (2-6) . It consists of a section of rectangular wave-
guide terminated in a short circuit. The width and height of
the waveguide are indicated by a and b, respectively. The
circular aperture, of radius r , is centered in a conducting
wall a distance d from the termination. If the losses associ-
ated with the aperture plane are small compared with those in
the waveguide walls, the input impedance Z q of the short-
circuited section (not including the aperture plane) , at
z = 0, is given by [11]:
Z = ZQtanh(a+j3 )d (3-1)
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Where Z is the characteristic impedance of the waveguide,
a is the attenuation constant, 3 is the waveguide propaga-
tion factor, and d is the length of the cavity.
Substituting a trigonometric identity for tanh(a+j3 )d,
y




o 1 + tanh(ad)tanh(j3 d) * (3 "2)
g
For a good conductor a is small, and for ad<<l,
tanh(ad) - ad, (3-3)
thus




o 1 + j (ad) tan (3 d)
(3 " 4)
g
The length of the waveguide section is specified such
that near resonance,
pA
d = -£. p = 1,2,..- (3-5)
where A is the guide wavelength.
Thus,
3 d « piT , p = 1,2, ••• (3-6)
y
Since tan (3 d) = -tan (pir - 3d), and | pir - 3 d|<<l,
g y y
Eq. (3-4) becomes
ad + jC3 d - ptt)
7 ~ 7 g o-7)Z
c " o 1 + jad(3 d - ptt) *
y
The behavior of the cavity for frequencies near resonance is
of primary interest, therefore expanding Eq. (3-7) in a
Taylor series about u)=u) ,
20

%„ - Z„ I + ^77^ (M-0) ) (3-8)c c ' co=to 3to '01=11) o
o o
plus higher order terms which are assumed to be negligible.
Letting z =Z z , Eq. (3-8) can be expressed as:
8z
Z = Z^ [z I + *--£ I (o)-o) )] (3-9)
c o c l o)=oa 3co ' (jo=oo o
o o
The waveguide propagation constant is a function of frequency
and the particular propagating mode, and is given by:
6-2 = A 2 - [(SI) 2 + (£1)2] (3 _10)gnm cab
where n and m are mode numbers, a and b are waveguide dimen-
sions, co is the particular operating frequency, and c
is the velocity of light.





8co 3 3 3w
g
Equation (3-9) reduces to the following expression where the
value of 3 near resonance, given by Eq. (3-6) , is substituted:
Z = Z ad + Z jd(l-ci d^) T-2- (3-11)CO O oCO
and from Eq. (3-10) ,
33 a
^-9. = -22- (3-12)
Since ad<<l, Eq. (3-11) reduces to
.Vo d 2 , . (3-13)
Z
-
Z ad + : 2 (a)"Wo )
piTC
Equation (3-13) is of the same form as the expression
for the input impedance of a series RLC circuit which, in




















= R + j—- — (3-16)
oj uc
o
For frequencies in the neighborhood of resonance, oj^oj
o
and oj+oj - 2oj
o o
Therefore Eq. (3-16) can be approximated by:
Z - R + j 2L(oj-oj ) (3-17)
When the corresponding coefficients of (oj-oj ) in Eqs
.
(3-13) and (3-17) are equated, the following expressions for











3 A 2 -7poj d Zr o o
The resonant angular frequency oj in Eq. (3-18) is defined




It is important to realize this series equivalent circuit
is a valid representation of the waveguide cavity for a
particular TEnmp or TMnmp
mode.
The resistance term given in Eq. (3-18) represents
the
losses in the waveguide cavity. Most waveguide
structures
have a very high Q, so the effect losses have on
resonance
calculations is negligible [5].
The impedance properties possessed by coupling
apertures
were discussed briefly in Section I. The
aperture is repre-
sented in the equivalent circuit by an inductor
in shunt with
the other components. It is designated L&
and has a value of
susceptance b that is a function of the cavity dimensions
and
^ a
operating frequency ..[10] .
The equivalent circuit for the resonant cavity
and coupl-










The resonant frequency of the aperture coupled cavity
corresponds to the resonant frequency of the equivalent cir-
















For L L , Eq. (3-20) can be approximated by
a
%2 = u;2(1 -fr> (3-21)
Using the binomial expansion, Eq. (3-21) can be further
reduced to the following expression:
wi " uo (1 -ir» (3
-22)
Aco is defined as the change in resonant frequency of the
coupled cavity. Thus,
A Co = coQ ~ cOq (3-23)
Substituting oj ! from Eq. (3-22),
L
Ac = 0)o J!" <
3 "24)











where b is the normalized susceptance representing the
coupling aperture.
With known cavity specifications and aperture properties,
the frequency shift of a coupled cavity can now be determined
quantitatively by Eq. (3-25) . The problem of determining
the coupling coefficients of the original structure, which





IV. THEORETICAL CALCULATIONS AND LABORATORY RESULTS
The method of analysis presented in the preceding sec-
tions, as well as the method presented in Appendix A, was
developed for a rectangular waveguide cavity with a circular
coupling aperture. In this section the results obtained by
applying these methods to a practical model are presented.
The resonance properties of this cavity model were measured
in the laboratory and are also included.
The cavity model considered is shown in Fig.* (2-6) , where
the indicated dimensions are as follows:
a = 2.2 9 cm; b = 1.02 cm; d = 7.6 2 cm; r = 0.4 8 cm.
The cavity was assumed to be resonating in the te t_q3 mode.
For the specified dimensions, the unperturbed resonant fre-
quency, f
i nv was determined using Eq. (2-1). The calculated
value is given below.
f103
= 8828 MHZ
A. EQUIVALENT CIRCUIT METHOD
Referring to Eq. (3-25), the only unknown quantity is the
normalized susceptance of the circular aperture. This
quantity is a function of the frequency and the dimensions of
the cavity and aperture. For this cavity model, the follow-






Therefore the change in resonant frequency Af, as determined
by Eq. (3-25)
, is
Af = 76 MHz
B. EQUIVALENT DIPOLE METHOD
The frequency shift for the same cavity model was next
determined by using Eq. (A-8) given in Appendix A. All quan-
tities in this expression are known, thus a straightforward
calculation results in the following value of Af,
Af = 66 MHz
C. EXPERIMENTAL MEASUREMENTS
A cavity with the above dimensions was constructed in the
laboratory. The cavity was coupled to a power source through
a circular aperture with a radius as specified. The resonant
frequency of this coupled cavity was measured using the equip-
ment shown in block diagram form in Fig. (4-1)
.
The frequency of the generated signal was swept through
the unperturbed resonant frequency, f-inv 9i-ven above. By
observing the cavity's resonance characteristics on the
oscilloscope, the frequency corresponding to the perturbed
TE,
n
_, mode was determined. This frequency, designated f{ 3'
was measured using the wavemeter. The value measured is
given below:
f ' = 8766 MHz
The frequency shift, Af, was determined by the following
relation:






































































Af = (8828 - 8766) MHz
or




A basis has been presented for the evaluation of the
coupling coefficients associated with periodic structures
of the coupled cavity type. The problem was approached by
representing the unit cell suggested by the coupled mode
theory, by an equivalent circuit. The measure of coupling
was then determined by the resonant frequency of this circuit.
This method of analysis is attractive in that it may be
applied to any coupled cavity structure where the waveguide
is uniform and the susceptance of the coupling aperture is
known. Assuming a dominant mode of propagation, the construc-
tion of the equivalent circuit is simplified by using trans-
mission line techniques.
The results of this method, as given in Section IV,
indicate a certain discrepancy when compared to those of the
other two methods presented. This does not render the equiv-
alent circuit method useless, but does indicate that some
judgment be used in certain microwave applications.
Certainly the beauty of this method lies in its simplicity
and physical appeal. The rigorous field analysis problem is
reduced to one involving basic circuit concepts.
Haus [6] has derived the equations describing the coupled
modes of propagation by using a variational approach. It is
recommended, as a topic for further study, that this method




REPRESENTING THE CIRCULAR APERTURE BY DIPOLES
A method is presented for evaluating the coupling para-
meters associated with a coupled-cavity structure in terms
of the "polarizability" of the circular aperture.
The fundamental ideas concerning small apertures and
their coupling properties were developed by Bethe [2] . His
work, has been the source for much of the existing material
concerning aperture coupling in cavity and waveguide
applications
.
Bethe has shown that the fields in the vicinity of a
small circular aperture in a conducting wall can be closely
approximated by the sum of the unperturbed fields and those
produced by electric and magnetic dipoles. The equivalent
electric dipole is oriented normal to the aperture and has a
strength proportional to the normal electric field. Simil-
arly, the equivalent magnetic dipole is in the plane of the
aperture with a strength proportional to the tangential
magnetic field. The constants of proportionality, »e and a ,
are called the electric and magnetic polarizabilities , re-
spectively. They characterize the coupling properties of the
aperture and are dependent on the aperture geometry. A
qualitative argument to demonstrate the physical reasonable-
ness of these properties of an aperture is given below.
31

Consider the aperture plane of a single cavity that sup-
ports a TE1Q mode, where p is an integer. The normal elec-
tric field at the aperture plane is zero, therefore there is
no induced electric dipole. There does exist a tangential
magnetic field, for which there is an equivalent magnetic di-
pole. To illustrate this idea, consider Fig. (A-l) . In Fig.
(A-la) the tangential magnetic field is indicated in the ab-
sence of an aperture. With the aperture present, the
impinging field lines will fringe through, as shown in Fig.
(A-lb) . These fringing field lines approximate those pro-
duced by the magnetic dipole shown in Fig. (A-lc) . The
presence of the aperture also perturbs the field on the in-
cident side of the wall. Collin has shown, by an argument
based on image theory, that the effect of the conducting wall
is equivalent to removing the wall and doubling the strength
of the dipole [4]
.
These equivalent dipoles correctly account for the fields
coupled through the aperture in the conducting wall. The
energy associated with these fields is directly related to









where AW represents the change in stored energy introduced
by the aperture and W is the total stored energy of the
unperturbed cavity,.
The right side of Eq. (A-l) can be expressed by the fol-









Figure (A-l) . Aperture in a conducting wall
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AW 1/4 /// (P*-E + £*•!) dv
W~~
-
" 77~f ->* -> ->* -
(A-2)
o 1/4 /// (eE »E + yH -H) dv
where e and y are the permittivity and permeability of the
medium, P and M are the electric and magnetic dipole moments
per unit volume, E and H represent the unperturbed cavity
fields, and the (*) denotes a complex conjugate. The upper
integral can be simplified by the fact that for a TE,_ mode,
there is no E - field normal to the aperture plane, thus P"
is zero. Also, for the small-coupling case, M can be defined





where m, the dipole moment, is given by
xri = - a £ (A-4)
m
For a small circular aperture with radius r , the magnetic
polarizability a is given by [7]
:
a = i r 3 (A-5)
m 3 o
Thus, AW, in Eq. (A-2), can be reduced to the following
AW = - | r 3 y | H | 2 (A-6)3 o ' '
W , the unperturbed cavity energy, can be determined by
a straightforward field analysis. See [4, 5]. For the
rectangular waveguide cavity shown in Fig. (2-2) , resonating
in the TE, n mode, W can be expressed as:lOp o
W ln = iy| 2 | 2 abd (P a 2+ d ) (A-7)lOp 2 H1 d
34

where a, b, and d are the cavity dimensions indicated in
Fig. (2-2)
.
By substituting Eqs . (A-6) and (A-7) into Eq . (A-l) , the
following expression for the shift in frequency of the coupled






" = 2 °2 ° ,2
(A" 8)
(abd) (p %+ d )
dz
Equation (A-8) , like Eq. (3-25), allows one to compute
the coupling coefficients associated with a coupled cavity





1. Atwater, H. A., Introduction to Microwave Theory
, p. 146-
151, McGraw-Hill, 1962.
2. Bethe, H. A., "Theory of Diffraction by Small Holes,"
Physics Review , v. 66, p. 163-182, 1 October 1944.
3. Belohoubek, E., "Propagation Characteristics of Slow-
Wave Structures Derived from Coupled Resonators,"
RCA Review
, v. 19, p. 283-290, June 1958.
4. Collins, R. E., Foundations for Microwave Engineering
,
p. 321-340, McGraw-Hill, 1966.
5. Ghose , R. N., Microwave Circuit Theory and Analysis
,
p. 182-190, McGraw-Hill, 1963.
6. Massachusetts Institute of Technology Research Laboratory
of Electronic Report 316, Electron Beam Waves in Micro -
wave Tubes , by H. A. Haus, 8 April 1958.
7. Johnson, C. C, Field and Wave Electrodynamics , McGraw-
Hill, 1965.
8. Knorr, J. B., "Coupling of Modes of Oscillation,"
Unpublished.
9. Louisell, W. H., Coupled Mode and Parametric Electronics ,
p. 1-32, Wiley, 1960
10. Marcuvitz , N., Waveguide Handbook , McGraw-Hill, 1951.
11. Montgomery, C. G. , Dicke, R. H. , and Purcell, E. M.
,
Principles of Microwave Circuits






1. Defense Documentation Center 2
Cameron Station
Alexandria, Virginia 22314
2. Library, Code 0212 2
Naval Postgraduate School
Monterey, California 93940
3. Asst Professor J. B. Knorr, Code 52 Ko 1
Department of Electrical Engineering
Naval Postgraduate School
Monterey, California 93940
4. LT Randall Eugene Offutt, USN 1






DOCUMENT CONTROL DATA -R&D
Security classification of title, bodv of abstract and indexing annotation must be entered when tlie overall report is classified)








FOR COUPLED-CAVITY SLOW WAVE STRUCTURES
4 DESCRIPTIVE NOTES (Type of report and.mc lus i ve dates)
Master's Thesis; June 1971
5 au tmORiSi (First name, middle initial, last name)
Randall Eugene Offutt
Lieutenant, United States Navy
6 REPOR T D A TE
June 1971
la. TOTAL NO. OF PAGES
39
76. NO. OF REFS
4
• a. CONTRACT OR GRANT NO.
6. PROJEC T NO
9a. ORIGINATOR'S REPORT NUMSERlS)
96. OTHER REPORT NO(SI (Any other numbers that may be assigned
this report)
10 DISTRIBUTION STATEMENT
Approved for public release; distribution unlimited,




A method is presented for evaluating the coupling coefficients
associated with loosely coupled cavity structures. The measure of
coupling is expressed in terms of the shift in resonant frequency
exhibited by a single aperture-coupled cavity. The frequency shift
is determined from the resonant frequency of an equivalent circuit
representing the aperture-coupled cavity. This method of analysis
is applied to a specific waveguide cavity, coupled by a small
circular aperture.
The results of this method are then presented for comparison with
those obtained by two other techniques
.
DD/.T..1473








KEY WO R OS
Coefficients of Coupling
'D ,r.".,1473 <sack.
* Ot 01 -807-69? 1
39 Unclassified




Coefficients of coupling for coupled-cav
3 2768 000 99935 3
DUDLEY KNOX LIBRARY
